We consider simple rational functions R mn (x) = P m (x)/Q n (x), with P m and Q n polynomials of degree m and n respectively. We look for "nice" functions, which we define to be ones where as many as possible of the roots, poles, critical points and (possibly) points of inflexion are integer or, at worst, rational.
Introduction
The concept of "nice" polynomials has been around for several years. These are polynomials with integer roots, critical points and, possibly, points of inflexion, which are useful in providing elementary Calculus problems. Several references can be found in the bibliography, with a very nice summary given in Buchholz and MacDougall [3] .
One stage more complex than a polynomial is a rational function, which gives the student practice in the quotient rule and, often, the product rule. The possible function graphing possibilities are also much greater, due to the consideration of poles and asymptotes, both horizontal and vertical.
In general, we consider functions of the form R mn (x) = P m (x) Q n (x) (1.1)
where m and n denote the degrees of the relevant polynomials. We assume true rational functions so m, n ≥ 1, with P m and Q n having no common factors, and both monomials, so that any rational roots or poles are integers. We also assume that, when m, n > 1, there are no repeated roots.
We would like any zeros and poles to be small integers, together with the critical points, where R ′ (x) = 0, and, if possible, the points of inflexion, where R ′′ (x) = 0. We, further, assume that m + n ≥ 3 to ensure at least one critical point. We also note that Q n /P m gives the same equation for critical points as P m /Q n , but this does not happen for the second derivatives.
We make extensive use of Cardano's method for solving a cubic, which we now summarize. All cubics can, by linear transformation, be put in the form 2 m + n = 3
P 21
We first consider R 21 = P 2 /Q 1 . We assume the quadratic either has 2 integer roots or has 2 complex roots but integer coefficients. We can, by transformation, assume Q 1 = x so firstly let
with a, b ∈ Z. We could consider complex roots by allowing a, b to be complex conjugates, but we prefer to keep things simple and integral as far as possible.
We have R ′ = (x 2 −ab)/x 2 and R ′′ = 2ab/x 3 , so we have no points of inflexion, and integer roots iff ab = , thus a, b are both positive or both negative.
So for example a = 1, b = 4, and putting x = z − n, n ∈ Z, gives the parametric function
which has roots at z = n + 1, n + 4, a single pole at z = n and 2 critical points at z = n ± 2.
The other possibility for R 21 is
where c, d ∈ Z and c 2 < 4d.
We have R ′ = (x 2 − d)/x 2 and R ′′ = 2d/x 3 , and since d > 0 there are always 2 real critical points. We need d = for integer values, and again there are no points of inflexion.
So, for example, setting c = 2, d = 4 gives
which has complex roots at z = n − 1 ± √ 3i, a single pole at z = n and 2 critical points at z = n ± 2.
R 12
For R 12 we assume P 1 = x, so let
As we stated before, the condition for R ′ = 0 is the same as for equation (2.1), namely ab = , but
so we must solve x 3 − 3abx + ab(a + b) = 0 for points of inflexion. We have
which implies that the cubic has only one real root since a, b = 0 and a = b. We get integer u by having a 2 b or ab 2 a cube. So (possibly swapping a, b) we have 2 conditions for a, b, namely
and, it is not hard to see that we need a = αs
The simplest example is a = 1, b = 64 gives
which has a zero at z = n, 2 poles at z = n + 1, n + 64, 2 critical points at z = n ± 8 and a single point of inflexion at z = n − 20.
Finally, we consider
with c 2 < 4d, which has
Thus, integer critical points requires d = e 2 which we now assume. The cubic for R ′′ 12 = 0, has D = d 2 (c 2 − 4d)/4 < 0, so there are always 3 real points of inflexion. Following Cardano,
and, expressing in polar form,
where tan A = √ 4d − c 2 /c.
is a solution of R ′′ 12 = 0. Thus we need cos(A/3) ∈ Q. However, to find cos(A/3) from cos A requires solving a cubic -a nice circular argument! Since 4d − c 2 = 4e 2 − c 2 , it might be thought that Pythagorean triples might be useful. Numerical tests, however, show that d = e 2 = k 6 , k ∈ Z give the only solutions, and we have been unable to determine a formula for the corresponding c values. The simplest are (c, d) = (9, 64), (11, 64) , the first of which gives the function
which has a single root at z = n, no poles, two critical points at z = n ± 8, and one integer point of inflexion at z = n − 12.
If c = 286, d = 7 6 , there are 3 integer points of inflexion.
3 m + n = 4
R 22
Since both numerator and denominator are quadratic, we have 4 possible mixtures of real roots and complex roots, ignoring the possibility of repeated roots. Thus, in general,
where (p, q) and (r, s) are either distinct integer pairs or complex-conjugate pairs giving a quadratic with integer coefficients.
3 ) where
so we usually assume p + q = r + s.
For critical points, the discriminant of
It is easy algebra to show that if we have complex conjugate numbers then this is positive, so there are 2 real critical points. The only chance for 0 critical points is certain integer values, such as (p, q, r, s) = (2, 4, 1, 3).
For points of inflexion, we can show that the cubic T 3 gives
and, again, it is standard algebra to show D > 0 when (r, s) ∈ Z whilst D < 0 if (r, s) complex. Thus there are 3 real points of inflexion when the denominator of R 22 has no real roots, but only 1 real point of inflexion if it has real roots.
We now consider specific combinations of roots. Firstly, assume
with a, b, c ∈ Z and a = b = c = a.
The discriminant of the numerator of R ′ 22 must be an integer square for rational roots, so ab(c − a)(c − b) = which has many solutions.
which is, obviously, positive, so the cubic has only one real root. To have rational roots we need
There are several "small" solutions to the two conditions on a, b, c. We look for small values of |a + b − c|, and the smallest is a = 1, b = 5, c = 21. This gives the general rational function
with zeros at z = n + 1, n + 5, poles at z = n, n + 21, critical points at z = n − 3, n + 7/3, and one real point of inflexion at z = n − 7.
Next, assume
where c 2 − 4d < 0, so no poles exist.
Thus,
For rational critical points, we require
so, clearly, D < 0 and hence there are 3 real points of inflexion.
As with the final part of the previous section, we can show that one of the roots of the cubic is given by 2e cos(A/3) a + c where cos A = (ac + c 2 − 2d)/2e.
We use a simple search procedure and find several (a, c, d) sets which give the required conditions. The simplest is a = 3, c = 2, d = 5, giving the general form
which has zeros at z = n, n+3, no poles, two critical points at z = n−3, n+1 and one integer point of inflexion at z = n − 1.
During our search, we found some (a, c, d) sets which gave 3 rational points of inflexion. They are given in Table 3 .1. It should be noted that the factorizations from these values might well test weaker students. 
We now consider
where c 2 < 4d. The first derivative gives the same condition for rational critical points as the previous example, namely
but the second derivative is different, with points of inflexion coming from
We have
so, since D > 0, there is only one real point of inflexion. Using Cardano's method gives
so, for the single real point of inflexion to be rational, we require
The smallest solution is a = 21, c = 3, d = 8 leading to
which has no zeros, 2 poles at z = n, n + 21, two critical points at z = n − 3, n + 7/3 and one point of inflexion at z = n − 7.
The final m = 2, n = 2 form is
with a 2 < 4b , c 2 < 4d, so there are no zeros or poles.
so the condition for rational critical points is
so that D < 0 implying that there are 3 real points of inflexion.
A computer search finds many (a, b, c, d) sets giving 2 rational critical points and 1 rational point of inflexion. The simplest solution is a = −1, b = 2, c = 2, d = 5 leading to the general form
which has 2 critical points when z = n − 3, n + 1 and a rational point of inflexion at z = n − 1.
The search for (a, b, c, d) giving 3 rational points of inflexion gave no solutions for small sums of the parameter sizes. This initially led to the idea that such solutions might not exist. Refining the search algorithm, however, finally found a plethora of solutions, which clearly had simple sequential forms.
We found the following three functions
where m, n, p ∈ Z, and we suspect there are an infinite number of such formulae.
R 31
Since R 31 has a cubic numerator there is always at least one real root, which we assume is an integer. The quadratic remainder is assumed to have 2 integer roots or 2 complex roots.
Let,
with a, b, c ∈ Z.
so that integer points of inflexion only occur if abc = f 3 , and there will only be one real point of inflexion. Searches have not been able to find (a, b, c) giving 3 rational critical points and 1 rational point of inflexion. We have 3 critical points for (10, 15, 24) giving the general parametric form
(3.14) with roots at z = n + 10, n + 15, n + 24, one pole at z = n, and 3 critical points at z = n + 12, n + 20, n − 15/2.
The triple (3, 18, −32) gives the form
) with roots at z = n − 32, n + 3, n + 18, one pole at z = n, one real critical value at z = n + 8 and one real pt. of inflexion at z = n − 12.
The other possibility for R 31 is
where a, c, d, ∈ Z and c 2 < 4d.
The equations for critical points and points of inflexion are, respectively,
Searching quickly finds many examples with 3 rational critical points, for example the parametric form
which has 1 integer zero at z = n + 12, one pole at z = n and 3 rational critical points at z = n + 2, n + 6, n − 3/2.
4 m + n = 5
We concentrate mainly on R 32 , since R ′ 32 = 0 involves a quartic and R ′′ 32 = 0 a cubic. R 23 has respectively a quartic and a sextic, R 14 has a quartic and a septic, and R 41 has two quartics.
Firstly, assume
with a, b, c, d, e ∈ Z, then the equation for points of inflexion is a cubic which can be shown to have
so, if d, e are real, D > 0 and there is only ever one real point of inflexion with 2 real poles.
We, now, consider the situation where both the numerator and denominator have 3 and 2 integer roots respectively, so the general form is
where {a, b, c, d} ∈ Z with a < b < c, and none of the roots are the same as the poles.
Finding the critical points means solving
whilst the single real point of inflexion satisfies
The quartic for R ′ 32 = 0 means that we could have 4,2 or 0 real critical points. An investigation of the underlying geometry show that we are guaranteed 4 real critical points when
The search region is greatly reduced using these extra conditions. Searching for 4 rational critical points has so far been unsuccessful. We have found several examples with 2 integer critical points, the simplest giving rise to the parametric form
which has roots at z = n + 2, n + 3, n + 8, poles at z = n, n + 18 and 2 integer critical points at z = n − 2, n + 6.
For 4 rational critical points, we need to consider the general form
where d, e, r, s, t, ∈ Z, d = e. We use a variation of a method proposed by Dave Rusin, then of Northern Illinois University, in a submission to the sci.math newsgroup [12] .
Firstly, by using the transformations
we can transform the rational function to the simpler form
with b, c ∈ Q. To prevent reducibility, we assume b+c+1 = 0 and c−b−1 = 0.
Thus, critical points satisfy
and suppose there are 3 distinct rational solutions x 1 , x 2 , x 3 -the fourth root = −b/(x 1 x 2 x 3 ) is automatically rational. Using x 1 and x 2 we can eliminate b, c, and substitute into the third equation. Express
We prodeed by first solving for W 2 and then trying to find W 2 = . For rational W 2 we must have
which can be written as
This quartic in X clearly has solutions, so is birationally equivalent to an elliptic curve, see Silverman and Tate [14] . We find the curve to be
with the reverse transformation
For integer values of Y, Z this curve has clearly 3 finite points of order 2 when
Numerical tests indicate these are the only torsion points apart from some special cases. These torsion points lead to either undefined X or values of X which give b + c + 1 = 0 or c − b − 1 = 0, which we previously forbad. We thus need points of infinite order.
Such points are easily found, for example
As an example, taking the last point (with the + sign) gives X = (
The first factor gives the quadratic form W 2 = Y 2 + 3Y Z + Z 2 , which can be parameterized using standard methods. After clearing denominators, we find
A very interesting example comes from p = 4, q = 3, which gives, after some simplifying transformations,
which has one real zero at x = −108, two poles at x = 0, −110, four critical points at x = −126, −90, −70, 66, and one real point of inflexion at approximately x = −81.461.
Further examples of this type from this parameterisation have not been found. We, thus, resort to, for fixed Y, Z ∈ Z, searching the elliptic curve for as many independent points as can be found. We, actually, search the corresponding minimal curve for integer coordinate points and transform. Suppose we find points P 1 , P 2 , . . . , P m . We then compute Q = (U, V ) = n 1 P 1 + . . . + n m P m + T k where −3 ≤ n i ≤ 3 and T k is one of the torsion points, including the point at infinity. From Q, we generate X and then see if a rational W can be found. If so, we compute b, c and look at the rational function. We search for situations where either R 32 = 0 at a rational point or R ′′ 32 = 0 at a rational point. These are very rare, but we found the previous example quickly. The first example for a rational point of inflexion comes from Y = 41, Z = 13, which gives, again after simplifying transformations R 32 = x 3 + 77x 2 + 292018x − 3891096 x 2 + 154x (4.12) which has one real root at approximately x = 13.27, two poles at x = 0, −154, four critical points at x = −714, −34, 66, 374 and one real point of inflexion at x = 2618/23.
Other examples similar to the last two can be found. The "Holy Grail" would be an R 32 with 3 rational zeros, 2 rational poles, 4 rational critical points and 1 rational point of inflexion. We conjecture this cannot occur, but have no idea how to prove it! For R 23 , we can consider the form y = x 2 − 1 x 3 + bx + c which gives the same equation for critical points as (4.7). The equation for points of inflexion is, however, We have been unable to use the previous elliptic curve approach, with this form, to find an R 23 with one rational point of inflexion and 4 rational critical points.
